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Growth of the Turbulent Wake behind a Supersonic Sphere
CHARLES H. MURPHY* AND ELIZABETH R. DicKiNSON2

Ballistic Research Laboratories, Aberdeen Proving Ground, Md.

Experimental data are presented on the growth of turbulent wakes up to 8000 calibers be-
hind J-in. and f-in. spheres traveling at supersonic velocities. Experimental determination
of the exponential coefficient in the growth law is very difficult, if not impossible. Data are
presented in the form of both r = /(*1/3) and r = /(#1/3). In the *1/b representation, two re-
gions of different wake growths are observed. By means of a quasi-steady state assumption,
the effect of drag deceleration is eliminated and growth of the far wake compared with theo-
retical predictions. The agreement with the Lees-Hromas theory in this region was found to
be quite good.

Nomenclature

CD = drag coefficient
d = diameter
E^ = entrainment constant
K = constant of the Lees-Hromas theory
m = mass of sphere
r = radius of turbulent wake in calibers (where a caliber is the

diameter of the sphere)
x = distance from center of sphere in calibers
u = velocity of sphere
p = air density

AT the present time, there is a great deal of interest in the
growth of turbulent wakes behind bodies traveling at

hypersonic and high supersonic velocities. Theoretical
studies usually confine themselves to dimensional reasoning
to obtain a ij-power growth law (I),3 although Morton (2)
and Lees and Hromas (3) have made use of physical assump-
tions on the mixing processes and derived more detailed re-
sults. Relatively little has been published on the results of
experimental work, and what has been published is not in
very good agreement. Cooper and Lutzky (4) have con-
cluded that the wake radius in calibers, r, varies as the cube
root of the distance x measured in calibers behind the body.
Billerbeck (5) also concluded, though admittedly on the basis
of a very limited amount of data, that r varies as #1/3. On the
other hand, Dana and Short (6), on the basis of measurements
up to 300 calibers behind the body, concluded that the wake
diameter in calibers, d, varies as x21* as far as x = 100 and
then as x113 up to x = 300. Slattery and Clay (7), however, on
the basis of measurements up to 3500 calibers, concluded that,
at atmospheric pressures, d varies as x112, and at pressures of
41 and 100 mm Hg, d varies as x112 for about the first 50
calibers and thereafter as #1/3.

Because of these varying conclusions drawn from experi-
mental work and the uncertainties of the theoretical predic-
tions, it became of interest to attempt to obtain more ex-
perimental data on wake growth.

Experiment

Both J and f-in. steel spheres were fired through the Free-
Flight Aerodynamics Range (8) of the Ballistic Research
Laboratories. Instead of the standard setup for taking suc-
cessive spark photographs as the sphere traveled downrange,
a special setup was made for this program. The first arrange-
ment of 16 plates for taking spark photographs of the wake is
shown in the schematic diagram at the top of Fig. 1. All of
the stations indicated were so wired that the sparks flashed
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simultaneously when the sphere was opposite the last plate at
station 8.

Unfortunately, a piece of the sabot followed after the J-in.
sphere fired through this setup, so that plates from stations 3
through 8 only were usable. The f-in. sphere was fired suc-
cessfully. Thus, wake measurements were made for about
1200 calibers behind the J-in. sphere and for about 4400
calibers behind the f-in. sphere. The muzzle velocity of the
J-in. sphere was 6400 fps; that of the f-in. was 7100 fps.
The velocities of the spheres at the time the spark photo-
graphs were taken were 5300 and 3600 fps, respectively.

In order to obtain photographs of a greater length of wake,
the range setup was then changed to the 20-plate arrange-
ment shown at the bottom of Fig. 1. Again, a J-in. sphere
and a f-in. sphere were fired. Complete sets of wake photo-
graphs were obtained from these firings. The muzzle velocity
of the J-in. sphere was 7600 fps; that of the f-in. was 8100
fps. The velocities of the spheres at the time the spark photo-
graphs were taken were 4400 and 2650 fps, respectively.
Wake measurements were made for about 4400 calibers be-
hind the J-in. sphere and for about 8700 calibers behind the
f-in. sphere.

The wake photographs were taken on 11 X 14 in. glass
plates. Because the diameter of a turbulent wake varies
greatly in a short distance due to the growth and shrinkage of
"burbles," it was decided to measure the diameter at |-in.
intervals along the 11-in. width of each plate. It must be
pointed out, however, that the wake is free from other dis-
turbances for only the first few feet behind the sphere. There-
after, the shock wave of the sphere is reflected from the spark
photography stations and passes through the wake. The
effect on wake growth of the passage of this reflected shock
wave through the wake is not known.

The accuracy of the diameter measurements is approxi-
mately 0.02 in. and that of the distance, approximately 0.1 in.

Results

The first question that arose was how to use the large num-
ber of measurements (there were about 1400 measured
points). It was decided arbitrarily that a beginning would be
made by averaging the wake diameter for each plate. Thus,
a reasonable number of data points became available for
study.

In some of the references cited, there is a log-log plot of r or
d vs x. It should be noted that, in an equation of the type
r = 7*0 + bxa, the slope of the log-log plot of r vs x equals a
only when r0 equals 0.

Hence, for values of x greater than 200, a least-squares
solution was made of the equation r = rc + bxa, setting a equal
to f and to f for both the J-in. and the f-in. spheres. Be-
cause the difference between the solutions for the two sizes
was about the same as the experimental error, a common solu-
tion was then made for both sizes. For a = \, r0 was small:
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Fig. 4 r vs x1'*', 10 < x < 8000

0.24.4 For a = f, however, r0 was significantly large (—2.0)
and would affect the log-log plot. Fig. 2 shows r plotted
against x, with the two least-squares solutions drawn through
the points r = /(z1/2) and r = /(z1/3).

Figs. 3 and 4 show r plotted against x112 and z1/3, respec-
tively. In these figures, points were plotted for all values of
x greater than 10 calibers. From x = 10 to x = 200, all
measured points were plotted; for distances greater than 200
calibers, one average per plate was plotted. It appeared that
r was a linear function of x112, and so a least-squares fit was
made:

(r + O.I)2 = z/70 [1]
For the full range of data plotted in Fig. 4, the fit definitely

is not linear. It does appear, however, that the data could be
approximated by a pair of lines. This may be written in the
following form:

(r + 0.4)3 = z/40

(r + 2.0)3 - z/4.7

•x < 200 [2a]

x > 200 [2b]
On the basis of the present data, there is no justification for

drawing any firm conclusion on the specific dependence of r on
x. The wide variation in wake width at any given distance
behind the sphere was so great (Fig. 5) that one hesitates to
state the nature of the dependence. This wide variation in
wake width is further illustrated in Figs. 6 and 7.

Fig. 6 is a photograph of a |-in. sphere, showing approxi-
mately 100 calibers of wake. This print was made from the
two plates at station 17 of round 5830. Further downstream,
it becomes more difficult to see the wake in shadowgraphs
and virtually impossible to obtain sufficient contrast for re-
production. In order to give a picture of the wake, the
measured points from a few of the plates of round 5830 are
shown plotted in Fig. 7. As mentioned previously, the
measurements were made every J in. on the plate, so that the
sketches show smoothed contours. This can be seen by com-
paring the sketch at the top of Fig. 7 with the photograph of
this same section of wake, the rearward portion of Fig. 6.
The sketches of Fig. 7 perhaps clarify the wide scatter of
points shown in Fig. 5.

Discussion

Slattery and Clay (7) measured the turbulent wakes of J-
and J-in. aluminum spheres at atmospheric pressure and
velocity of 9000 fps and obtained the curve

r2 — W40 FQl/ — A// T:U [O J

This result is in direct conflict with Eq. [1]. A closer ex-
amination of their data, however, shows a definite scale effect.
Eq. [3] describes the growth for the ^-in. sphere, whereas the
J-in. data are very well fitted by Eq. [1 ].

Although this J-power growth relation is a convenient way
to describe the data, none of the theoretical work predicts this
exponent. As can be seen from the figures for x > 200, the
exponent is not very well determined. For this portion of the
wake, the theories predict a |-law growth but not quite the
same form as that of Eq. [2b]. Lees and Hromas, for ex-
ample, predict a growth of the form

-bx = [4]

In other words, Eq. [2b] assumes a |-power growth from the
point (0, —2.0), whereas the theory predicts such a growth
from (—c/b, 0). Although c is not predicted by the theory
without the introduction of a difficult analysis of the wake
growth from the sphere itself, b is predicted to be (1.85) KCD,
where K is related to Townsend's invariant wake Reynolds

4 When all values of x greater than 10 are used, r0 is —0.11.
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Table 1 Drag coefficients estimated from the wake growth
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10 < x < 200 200 < x < 8000

Lees-Hromas
Morton

0.3
0.5

1.8
3.0

number. K is estimated from several subsonic experiments
to be 0.04.

Lees and Hromas developed their theory on the assumption
that the turbulent diffusivity was proportional to the product
of the wake radius and its momentum defect. Morton de-
veloped a less sophisticated analysis for incompressible flow
based on the assumption that the mass entrainment rate
must be proportional to the momentum defect. This theory
predicts b to be %CDE, where E is the ratio of the inflow speed
to the speed difference between the wake and ambient flow
for an assumed top-hat profile. Morton conjectures that a
good value of E is 0.116.

The data for x < 200 and x > 200 were fitted by Eq. [4]
with the following results:

r3 = (x - 35)/42

r3 = (x - 610)/7.6

10 < x < 200 [5a]
200 < x < 8000 [5b]

Although [5a] and [2a] have essentially the same coefficient
of x, the difference in this coefficient for x > 200 is significant.
This difference emphasizes the care required in proper analysis
of these data. This coefficient may be used to determine
drag coefficient contained in the viscous wake at two sections
of the wake. Values of CD were calculated by both the Lees-
Hromas theory and the Morton theory and are given in
Table 1.

This tabulation shows good agreement in order of magnitude
for the total drag coefficient, which is actually a little less than
unity. It is interesting to note a change in wake drag by a
factor of 6 between the near and far wake. This is in reason-
able agreement with the Lees-Hromas model.

One important difference exists between the theory and ex-
periment. At atmospheric pressure, the missile velocity
decays from 6800 to 2650 fps over a trajectory distance of 8000
calibers. This change in velocity is in direct conflict with the
Lees-Hromas assumption of constant velocity.

In order to handle this deceleration effect, the authors will
make the assumption of quasi-steady state. In other words,
the velocity is assumed to be constant for sections of wake,
and, for these sections, the theory with the local velocity in-
serted applies. Thus, the last part of the 8000-caliber long
wake of Rd 5830 was generated by a sphere traveling at a
constant velocity of 6800 fps. At this velocity, the missile
will travel much farther than the actual decelerating missile,

Fig. 6 J-in, sphere at 2650 fps

and the measured wake diameter corresponds to a much
larger value of x.

This effective value of x may be easily computed. For a
constant drag coefficient, the missile velocity is given by the
relation5

u = -(d)(dx/dt) = u0eCD*x [6]
where UQ is velocity at time of shadowgraph (x = 0)

CD* = (pird*/8m)CD

Eq. [6] may be integrated to yield

- (uQ/d)t = (1 - ec°**)/CD* [7]
The quasi-steady state assumption introduces an effective

PLATE !7A

PLATE 4B

PLATE 0
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Fig. 5 r vs xltz; all measured values for 10 < x < 8000

Fig. 7 Sketches of wake from selected plates; round 5830
muzzle velocity: 8100 fps; i-in. sphere

5 Since the direction of travel of the missile is opposite from the
direction in which the wake coordinate x is measured, a negative
sign is required in Eqs. [6] and [8].
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length xe, which a constant J|
time t: . , ^ * J^

*.-= - W«* =

ncussile would travel in

[8]
Effective lengths were computed for the data of this report,

and revised versions of Eqs. [2b] and [5b] obtained, J

(r + 1.2)3 = xe/7.9 ? ' [§p

r3 = (xe - 415)/11.1 [l(j]

Once again one sees the importance of knowing the proper
form of the wake growth. From the coefficient of Eq. [10] &
better value of CD may be calculated by means of the Leeg-
Hromas theory. This value, 1.2, is 20% higher than the true
value. Since K is certainly not any better known than 20%,
this is a very encouraging verification of the Lees-Hromas
theory.

Summary

1) Experimental determination of the exponential co-
efficient in the growth law for a turbulent wake is very diffi-
cult, if not impossible.

2) If use is made of the theoretically predicted value of
this coefficient, the existence of two distinct regions of growth

(x < 200, x > 200) is shown by the experimental data.
3) Although the Slattery and Clay data indicate a scale

effect for J-and \- in. spheres, the authors7 \- and J-in. sphere
data indicate at most a much weaker scale effect.

4) It is important to fit the data with the proper algebraic
expression of the theoretical growth law, i.e., r3 = bx + c.

5) If the effect of sphere deceleration is assumed to be de-
scribed by a quasi-steady state transformation,:the coefficient
6 for the far wake is well predicted by the Lees-Hromas
theory.
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Compressible Free Shear Layer with Finite Initial Thickness
M. RICHARD DENISON* AND ERIC BAUM1"

Electro-Optical Systems Inc., Pasadena, Calif.

The momentum equation was uncoupled from the other conservation equations for the case
of a finite initial profile in a laminar free shear layer. The equation was solved numerically, in
the Crocco coordinate system, using an implicit finite difference method. Profiles of velocity
and shear function were obtained as a function of streamwise distance. The initial profiles as
the flow separates from the rear of the body correspond to the Blasius profile in transformed
coordinates. For large distances downstream, the profiles approach the Chapman distribu-
tion, corresponding to the case of zero initial free shear layer thickness. The effect of these
results on calculations of base pressure and wake angle is discussed. A method for the calcu-
lation of finite chemical kinetic effects on the profiles of temperature and chemical composi-
tion in the free shear layer with finite initial thickness is outlined.

Nomencla t ur e
C = Chapman-Rube sin parameter, see Eq. (7)
F = shear function, see Eq. (8)
FO = initial shear function
Fw = initial shear function at body surface
F* = F/FW
P = pressure
r0 = distance from axis of symmetry to body surface or divid-

ing streamline
S = transformed distance parameter, see Eq. (4)
Sb = parameter S evaluated for body
S* = SCFW*
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u = component of velocity along dividing streamline
u* = u/ue
U = u*(3S*)~113

v = component of velocity perpendicular to dividing stream-
line

v = transformed velocity component, see Eq. (7)
x = distance along dividing streamline from base of body
y = distance normal to dividing streamline
Y = normal distance parameter, see Eq. (3)

rj = normal distance parameter for similar solutions, see Eq.,
(9)

AI = viscosity
& = stream function

Subscripts

D = dividing streamline conditions
e = conditions at outer edge of free shear layer

I. Introduction

THE length of trail behind a body, defined by observables;
such as electron density and radiation intensity, is de--


